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The energy spectrum of a 3-level atomic system in the Ξ-configuration is studied. This configu-
ration presents a triple point independently of the number of atoms, which remains in the thermo-
dynamic limit. This means that in a vicinity of this point any quantum fluctuation will drastically
change the composition of the ground state of the system. We study the expectation values of the
atomic population of each level, the number of photons, and the probability distribution of photons
at the triple point.
PACS numbers: 42.50.Ct,42.50.Nn,73.43.Nq,03.65.Fd
INTRODUCTION
The study of systems of 3-level atoms is interesting
as proposals have been made to use them as quantum
memories or to manipulate quantum information, among
other applications. Cavity QED systems in particular
have been favored because of their advantage when sub-
jected to coherent manipulations, and schemes have been
presented for various quantum gates using 3-level atoms
and trapped ions [1, 2]. In the presence of an electro-
magnetic field, few-level atomic systems present the phe-
nomenon of superradiance [3] where the decay rate is pro-
portional to the square of the number of atoms, N2a , in-
stead of Na (the expected result for independent atom
emission). There thus exists a separatrix in parameter-
space which divides a so-called normal region from a re-
gion of collective behavior [4, 5].
In this contribution we study a 3-level atomic system
in the Ξ-configuration (cf. Fig. 1) interacting through
a one-mode electromagnetic field, and we show that its
phase diagram for the ground state presents a triple point
independently of the number of atoms, which prevails in
the thermodynamic limit. We use the fidelity and the
fidelity susceptibility of neighboring states to determine
the sudden changes, in parameter space, in the ground
state composition. We also find that, when in double res-
onance, there is a mirror symmetry in the energy spec-
trum around the energy value E = M , where M is the
total excitation number (which turns out to be a constant
of motion in the rotating-wave approximation (RWA)).
The intrinsic Hamiltonian for a 3-level system in the
RWA is [5]
H = Ω a†a+ ω1A11 + ω2A22 + ω3A33 (1)
− 1√
Na
[
µ12
(
aA21 + a
†A12
)
+ µ23
(
aA32 + a
†A23
)]
where a†, a are the creation and annihilation operators
of the field, Aij are the atomic operators, the i-th level
frequency is denoted by ωi with the convention ω1 ≤
Ξ
ω1
ω2
ω3
µ12
µ23µ13 = 0
FIG. 1. Atomic Ξ, or ladder, configuration. The i-th level
frequency is denoted by ωi with the convention ω1 ≤ ω2 ≤ ω3,
and the coupling parameter between levels i and j is µij .
ω2 ≤ ω3, and the coupling parameter between levels i
and j is µij . The detuning between levels i and j and
the field is denoted by ∆ij = ωi − ωj − Ω, where Ω is
the field frequency. It has 2 constants of motion, viz.,
the total number of atoms Na =
∑3
i=1Aii, and the total
number of excitations M = a†a + A22 + 2A33. As the
system is non-integrable, one may solve via numerical
diagonalization. A natural basis in which we diagonalize
our Hamiltonian is |ν; q, r〉 [4]. Here, ν represents the
number of photons of the Fock state, r, q− r and Na− q
are the atomic population of levels 1, 2, 3, respectively.
Notice that the Hamiltonian (1) is invariant under the
transformation a → −a and a† → −a†, which preserves
the commutation relations of the bosonic operators. For
this reason we consider only positive values for µij .
NORMAL AND COLLECTIVE REGIMES OF
THE HAMILTONIAN SYSTEM
The energy of the ground state as a function of the cou-
pling parameters µ12 and µ23 is displayed in Fig. 2a, in
double resonance. We use Na = 2 for clarity of the figure.
The intersection lines between M = k with M = k + 1
from k = 0, . . . , 5 are also shown. All these separatrices
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FIG. 2. (Color online.) a) Energy of the ground state as a
function of the coupling parameters, in double resonance for
Na = 2. The intersection lines betweenM = k withM = k+1
from k = 0, . . . 5 are also shown. At (µ12, µ23) = (1,
√
2) the
regions M = 0, M = 1 and M = 2 meet: a true triple point.
b) A cut at µ23 = 0 is shown for Na = 3 (lower, blue line)
and Na = 8 (upper, red line).
may be determined by using the fidelity F or the fidelity
susceptibility χ of neighboring states [6] (for a complete
review of the use of these concepts see [7]), defined by
F (λ, λ+ δλ) = |〈ψ(λ)|ψ(λ+ δλ)〉|2 ,
χ = 2
1− F (λ, λ+ δλ)
(δλ)2
. (2)
The fidelity is a measure of the distance between states,
for a pure state |ψ(λ)〉 which varies as a function of a con-
trol parameter λ. The fidelity susceptibility, essentially
its second derivative with respect to the control param-
eter, is a more sensitive quantity. Figures 3a,b show the
zeroes attained by the fidelity measure and the diver-
gences in the fidelity susceptibility at each separatrix,
where the value of the excitation number M changes. A
cut along the straight line µ12 = µ23 − 0.2 in parame-
ter space was taken for good comparison with Fig. 2a.
Here, Na = 2 as well. (Note that a line of the form
µ12 = c µ23 is not a convenient choice, as the parameter
would factorize in the interaction Hamiltonian and the
eigenstates would remain the same as µ12 changes within
a region.) Whereas the fidelity measure clearly marks the
transition points, it fails at distinguishing states within
a region of constant M ; the fidelity susceptibility, being
a much more sensitive function, does distinguish them.
a)
b)
FIG. 3. a) Fidelity measure F between neighboring states,
along the line µ12 = µ23 − 0.2 in parameter space, plotted as
a function of µ23. It is zero at the transition points. b) Fi-
delity susceptibility χ as a function of the coupling parameter
µ23; it diverges at each point where the excitation number M
changes.
The innermost separatrix divides the space into a nor-
mal region, where the number of excitations M vanishes,
and a collective region. This separatrix prevails in the
thermodynamic limit Na → ∞. At (µ12, µ23) = (1,
√
2)
the regions M = 0, M = 1 and M = 2 meet: a triple
point which is fixed for all values of the number of atoms
Na. All other triple points as well as all other separa-
trices slide towards the boundary between M = 0 and
M = 1 as Na increases, and new transition regions inter-
secting the region M = 0 appear. This holds true all the
way to the thermodynamic limit, where all separatrices
coalesce into one. A manifestation of this phenomenon is
shown in Fig. 2b, where a cut at µ23 = 0 of the ground
3Emin = 0
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FIG. 4. (Color online.) Triple point present at (µ12, µ23) =
(1,
√
2). The figure shows the transformation of the ground
state near the vicinity of this point due to quantum fluctu-
ations, for Na = 2. The triple point persists for any Na,
including the thermodynamic limit. (Wavy lines represent
photons and an “×” represents a level occupation.)
state energy is shown for Na = 3 and Na = 8; the dots
along the lines show where the transitions from one M to
the next take place along the µ12-axis. As Na increases,
the intersection points tend to µ12 = 1. The same holds
true for any other value of µ23.
The triple point itself is shown in Fig. 4, together
with a diagramatic description of the ground states cor-
responding to each value of M , for Na = 2. This means
that in a vicinity of this point any quantum fluctuation
will drastically change the composition of the ground
state. Since the dimension of the Hilbert space does not
change for larger values of Na, the same composition as
that shown in the figure is obtained for a larger number
of atoms (in fact, since the number of excitations is low,
increasing Na amounts to increase the occupation of the
first level).
It is worth stressing that the existence of this triple
point independent of Na is a characteristic of the Ξ-
configuration; it does not appear in the Λ or the V con-
figurations.
PROPERTIES AT THE TRIPLE POINT
The energy spectrum at the triple point for a system
of Na = 10 particles is displayed for all values of M up to
30 in Figure 5a, for the double resonant case. When the
energy is plotted against the excitation number M we ob-
serve a mirror symmetry with respect to E = M , and the
symmetric states correspond to eigenstates whose com-
ponents differ only by phases. The spectrum in Fig. 5b
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FIG. 5. (Color online.) Double resonant case. a) Energy
spectrum for a system of Na = 10 particles at the triple point.
The M values run from 0 to 30. b) Energy spectrum as func-
tion of the total excitation number for Na = 10 at the triple
point. There is a mirror symmetry with respect to E = M
(indicated by dots) for each value of M .
shows this for Na = 10. This means that all expecta-
tion values of operators will be equal for these symmetric
states, except for the energy itself.
The system presents degenerate states only at E = M ,
which is not always attained. For instance, if M is odd
and M ≤ Na there are no states with E = M . For
M ≥ 2Na there is a degeneracy of bNa/2c+1, where bxc
denotes floor(x). For other values it depends strongly
on M .
For small values of the total excitation number M the
dimension of the Hilbert space depends solely on M , and
not onNa. This allows one to study the system for a large
number of atoms, including the thermodynamic limit. In
this limit Na → ∞, the energy spectrum becomes inde-
pendent of µ23 and shows a collapse of energy levels for
all values of M at the point µ12 = 1. Here, the lowest
energy levels for all M have a value E = 0, the next
lowest energy levels for all M have a value E = 2, the
next levels have E = 4, and so on, as shown in Fig-
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FIG. 6. (Color online.) a) Energy spectrum in the thermo-
dynamic limit (Na → ∞) as a function of µ12 from M = 0
to M = 7. One can see the collapse of the successive energy
levels for each value of M at the energy values E = 0, 2, 4, 6, 8
at the triple point. b) Energy spectrum as a function of M
at the triple point. Notice that for all values of M we have
an equidistant spectrum with only even harmonics.
ure 6a where the energy spectrum is plotted against the
coupling parameter µ12 for values of M from 0 to 7.
The spectrum as a function of M becomes equidistant
with only even harmonics in this limit (cf. Fig. 6b). A
chain of excited-state quantum phase transitions demar-
cating the superradiant phase was previously reported
for the Jaynes-Cummings and Dicke models of quantum
optics [8]. It was shown that the emergence of quan-
tum chaos is caused by the precursors of the excited-state
quantum phase transitions. Finite-size scaling behavior
of excited-state quantum phase transitions at the mean-
field level was studied for 2-level bosonic and fermionic
models in [9].
One can also calculate the expectation values of the
population operators 〈Aii〉i=1,2 and 〈a† a〉 at the triple
point, for each of the eigenstates of the Hamiltonian (1)
Figure 7 shows these for Na = 5 and M = 7. We again
see the inherited mirror symmetry with respect to the
middle state.
The density matrices of the eigenstates k and dim−k+
FIG. 7. (Color online.) Expectation values at the triple
point of the population operators A11 (continuous, red), A22
(dashed, blue), and the number of photons ν (dotted, green),
for each eigenstate of the Hamiltonian. Here, Na = 5, M = 7.
a)
b)
FIG. 8. (Color online.) Probability P (ν+ν0) of having ν+ν0
photons in the system at the triple point in double resonance,
as the excitation number M grows without limit.
1, where k labels the states in order of increasing energy
and dim is the dimension of the Hilbert space of the
system, have the same coefficients and their coherences
differ only by a phase, except for the degenerate states
E = M .
Another interesting limit is M →∞, where the dimen-
5sion of the Hilbert space depends only on Na [10]. For
a fixed number Na of atoms, as M increases the atomic
excitations may saturate and the population of photons
grows. It is therefore interesting to study the photon dis-
tribution in the system at the triple point. The probabil-
ity of having a certain number ν of photons is obtained
by taking the modulus squared of the scalar product of
the Fock state |ν〉 and the eigenstate. Given Na and M ,
the minimum number of photons in the QED cavity is
ν0 = M − 2Na. We consider here the ground state at
each value of the excitation number M and evaluate the
excess number of photons, i.e., the probability P (ν + ν0)
of having ν+ν0 photons in the system. This is plotted in
Figure 8a for Na = 4 atoms and for M = 8 and the limit
M → ∞. The arrows in the figure show how each value
moves as M grows without limit. Both distributions are
quasi-gaussian, though this is not very clear in the figure.
For a larger number of atoms, Na = 20, Fig. 8b shows
better the photon probability distributions, this time for
M = 40 and M →∞.
CONCLUSIONS
A triple point in the phase diagram of a three-level sys-
tem interacting with a one-mode electromagnetic field is
found for the atomic Ξ-configuration. This triple point is
fixed in parameter space, is present for any finite number
of atoms, and prevails in the thermodynamic limit. When
in double resonance it resides at (µ12, µ23) = (1,
√
2).
Away from the double resonance condition it acquires
different coordinates, but it is still fixed as Na → ∞.
Properties of observables at the triple point were stud-
ied, including state structure, atomic level populations,
energy spectra, and photon number probabilities. We
find that the energy spectrum has a mirror symmetry
with respect to the point E = M , where M is the total
excitation number (a constant of motion of the system).
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